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Abstract. This paper presents a model to calculate the temperature dependence of 
effective permittivities for sea ice, a heterogeneous medium containing multiphase 
scatterers. With the strong permittivity fluctuation approach the model accounts for the 
electrodynamic scattering effect together with the quasi-static characteristics of 
multiple species and subspecies of inhomogeneities with distributed orientations, sizes, 
and shapes. Because of a preferential direction in the orientation distribution, the 
medium is effectively anisotropic. The size distribution is described with a probability 
density function in terms of normalized volumetric sizes. Scatterer shapes are 
nonuniform and have a general ellipsoidal form characterized by arbitrary axial ratios 
of correlation lengths which are related to physical geometries of the scatterers. In this 
formulation, sea ice consisting of solid ice, liquid brine, and gaseous inclusions is 
modeled to derive effective permittivities with thermodynamic phase redistribution and 
structural metamorphism. Theoretical results are in good agreement with experimental 
data at the C band frequency of 4.8 GHz for saline ice undergoing warming and cooling 
cycles. A competitive effect between the increase of liquid brine and the shape 
rounding of ellipsoidal scatterers at increasing temperatures explains the trend 
observed in measured data. Sensitivities of effective permittivities to structural and 
physical parameters characterizing sea ice are also studied. 

1. Introduction 

Most natural media are heterogeneous mixtures 
of materials with different phases, orientations, 
sizes, and shapes. Physical and structural charac- 
teristics of medium constituents are usually inter- 
dependent and influenced by environmental condi- 
tions such as ambient temperature, solar radiation, 
moisture, and precipitation. The composite media 
can be characterized by effective permittivities, 
which determine electromagnetic wave propaga- 
tion, attenuation, scattering, and emission. These 
processes are essential to the interpretation of re- 
mote sensing data of geophysical media. Effective 
permittivities themselves, however, also often dem- 
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onstrate complex environmental dependencies, 
such as thermal variations. This paper presents a 
permittivity model to explain these effects and 
illustrate the results with an application to sea ice. 

Permittivities of mixtures have long been a sub- 
ject of extensive study. Many dielectric mixing 
formulas have been derived for multiphase inhomo- 
geneities with spherical, spheroidal, and ellipsoidal 
shapes. Together with a summary of these formu- 
las, Tinga et al. [1973] reported a formula for 
confocal ellipsoidal shell inclusions and compared 
calculated results with measured data for wet wood. 

In modeling of heterogeneous earth, Wait [1983] 
indicated that the particle shape is important to the 
effective electrical properties. A more complete 
account of electrical properties of the earth has 
been documented [Wait, 1989], including a model of 
coated particles for disseminated sulphide mineral- 
ization. With applications to snow and sea ice, 
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Sihvola and Kong [1988] obtained a general mixing 
formula under the quasi-static condition for mul- 
tiphase mixtures of scattering ellipsoids. 

In addition to the quasi-static term, a scattering 
term appears in the effective permittivity expres- 
sion derived from the strong permittivity fluctuation 
theory [Tsang and Kong, 1981a]. In this approach 
the quasi-static absorption loss and the dispersive 
scattering loss are both considered. The theory was 
applied to vegetation [Tsang and Kong, 1981b], 
snow [Tsang et al., 1982], and sea ice [Stogryn, 
1987]. This approach has been extended to model a 
random medium containing uniform ellipsoids with 
orientation distributions [Nghiem et al., 1993] and 
an isotropic heterogeneous medium containing mul- 
tiple species of uniform size scatterers [Nghiem et 
al., 1995b]. 

In this paper a model is developed to account for 
the complexity of multiphase mixtures with multi- 
ple species and subspecies of scatterers character- 
ized by orientation, size, and shapes distributions. 
Earlier work only considers a single species of 
scatterer [Nghiem et al., 1993, 1995a] or multiple 
species only for effectively isotropic media [Ng- 
hiem et al., 1995b] without size and shape distribu- 
tions, and thermal processes in sea ice are not 
accounted for. With the strong fluctuation ap- 
proach, derived effective permittivities are frequen- 
cy-dependent, and the inherent dispersive property 
of random media caused by scattering effects is 
included. The orientation distribution has a prefer- 
ential alignment direction rendering the medium 
effectively anisotropic. The size distribution is de- 
scribed in terms of number density or fractional 
volume as a function of normalized volumetric size. 

The shape distribution affects electromagnetic 
properties of the mixture in a nonlinear manner. To 
depict various shapes of scatterers in a species, 
scatterers with a similar shape are classified into a 
group treated as a subspecies. 

The theory is used to obtain effective permittivi- 
ties of multiphase congelation sea ice with a colum- 
nar structure. In this formulation, physical and 
structural characteristics of the medium can be 

modeled more realistically. Moreover, the model 
allows physical and morphological variations in 
medium properties that are interrelated and subor- 
dinated to physical processes, such as constituent 
phase redistribution and structural metamorphism 
under thermal effects. Calculated results are com- 

pared with experimental data at 4.8 GHz for multi- 

phase saline ice undergoing warming and cooling 
cycles. 

2. Model for Effective Permittivities 

In this section the strong permittivity fluctuation 
approach is used to formulate and derive effective 
permittivities of a heterogeneous medium contain- 
ing scatterers with different phases, permittivities, 
and distributed structural properties. The effective 
permittivities are obtained by combining the 
method for an inhomogeneous anisotropic medium 
[Nghiem et al., 1993] with the method for a multi- 
species mixture [Nghiem et al., 1995b]. 
2.1. Formulation for a Distributed 

Heterogeneous Medium 
The effective permittivity tensor of the medium 

consists of a quasi-static part and a scattering part 
corresponding to the first and second terms, respec- 
tively, in the following expression [Tsang and 
Kong, 1981a]: 

a•a = as + •0[()- •a). (g)]-•- •a (1) 

where • is the unit d_yad. In (1), ga is the auxiliary 
permittivity tensor, S is the dyadic coefficient of the 
Dirac delta part in the dya__dic Green's function of an 
anisotropic medium, and •e• is the effective dyadic 
scatterer. Before deriving these quantities we need 
to describe the medium and define characterizing 
parameters. 

Figure 1 illustrates the modeling of a multiphase 
medium with multiple species and subspecies of 
scatterers such as sea ice. First, define a species as 
a set of scatterers with the same permittivity. In (1), 
ga and • are solved iteratively from a set of nonlin- 
ear coupled equations; these quantities depend on 
ratios of correlation lengths, that is, scatterer 
shapes [Nghiem et al., 1995b]. Thus it is necessary 
to classify scatterers in each species into groups 
considered as subspecies; each subspecies contains 
scatterers of similar shape. In this context a sub- 
species is a set of scatterers with the same permit- 
tivity and the same shape. The shapes have a 
general ellipsoidal form with arbitrary axial ratios 
including spheroids and spheres as special cases. 
While ga depends only on correlation length ratios, 
the scattering part in (1) does depend on the scat- 
terer size. Size variations of scatterers in a species 
are accounted for with an integration over the 
scatterer size distribution in the calculation of the 

scattering part. 
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Let % be the permittivity of a background me- 
dium hosting a total number of N scattering subspe- 
cies. Permittivity e/s is for subspecies i occupying a 
fractional volume f/s in the mixture. The total 
fractional volume of all scatterers is y/N=• f/s ---- 1 -- 
fo where fo is the fractional volume of the back- 
ground. Note that a single subscript i is used to 
denote subspecies in all species (this simplifies the 
arrangement of subspecies and species into a single 
array) and that e/s has the same value for scatterers 
in the same species. 

The effective dyadic scatterer, •eff, of the heter- 
ogeneous anisotropic medium is given by the fol- 
lowing expression [Tsang and Kong, 1981a; Ng- 
hiem et al., 1993, 1995b]: 

[•eff]jrn 
N 

i=l /(species) 

X • p(o) I,.2 ' •,•i•j•tm!•O d•'7[bg(•')]kl(I)ie(•')q-[•i]kl 
kd • v,a,13, y 

(2) 

AN ANISOTROPIC MULTIPHASE MIXTURE 

SYMBOL MODEL SEA ICE 

BACKGROUND SOLID ICE 
SPECIES AIR BUBBLES 

SPECIES LIQUID BRINE 

SUBSPECIES ELLIPSOIDS 

SUBSPECIES SPHEROIDS 

SUBSPECIES SPHERES 

Figure 1. Modeling of a multiphase mixture containing 
multiple species and subspecies of scatterers such as sea 
ice. 

Figure 2. Eulerian rotation angles a,/3, and 3' between 
local coordinates (x', y', z') and global coordinates (x,y, z). 

which is valid under the condition I[Lff()]jml << •. 
Normalized volumetric size v is defined as the 

volume of a scatterer in a species under consider- 
ation divided by the volume of the smallest scat- 
terer of the same permittivity regardless of shape. 
By this definition the minimum value of v is 1. The 
integration over dv accounts for the size distribu- 
tion in the size range vi(species) of scatterers in a 
species. The probability density function of orien- 
tation pi(a, •, 3/) is described in terms of Eulerian 
orientation angles a,/•, and % which relate the local 
coordinates (x', y', z') to the global s•ystem (x, y, z), 
as shown in Figure 2. The tensor Ga is the aniso- 
tropic dyadic Green's function [Nghiern et al., 
1990]. For the ellipsoidal form of scatterers used in 
this paper the Fourier transform •i• of the normal- 
ized local correlation function of a scatterer is 

lix'liy'liz' 

(I)i• (k') = •2(1 + k,21.2 + i.,212 k,212 •2 ß 'x-tx' "y 'iy' + "z-iz'•, 
(3) 

in the local coordinates of the scatterer. The local 

correlation lengths lix, , liy, , and l/z, describe the 
scatterer size and shape and will be determined 
from the scatterer geometry in section 2.2. The 
local variance Fi(•)•m of scatterer fluctuations of 
subspecies i is defined as [Nghiem et al., 1995b] 

r!•!Mm(•') =fis(U)fb(•ijk- •bjk)(•ilm -- •blm) (4) 
Note that the fractional volume f•(v) of subspecies 
i is a function of the normalized volumetric size v 

and f•(v) carries information regarding the size 
distribution. 
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2.2. Expressions for Effective 
Permittivities 

The condition of secular elimination (•(?)) = 0 is 
imposed to derive the auxiliary uniaxial permittivity 
tensor ga = diag(%p, eat ,, %•). For scatterers pref- 
erentially aligned in the vertical direction and ran- 
dom in azimuth the orientation of ellipsoidal scat- 
terers is characterized with relative azimuthal angle 
a between the local and global coordinates. Thus 
(•(?)) is simply 

(•(•)) = • a. f-• . f• + • fisL ß •= o (5) 
i=1 

where the nonzero elements of T are Tll = T22 = 
cos a, T12 = -T21 = sin a, and T33 = 1. Carrying 
out the integration over azimuthal angle a yields 

The dyadic coefficient •i for the ellipsoidal scat- 
terer is derived from the vanishing condition of the 
frequency-independent terms in the effective scat- 
terer tensor [Tsang and Kong, 1981a]. By cancel- 
ling the frequency independent terms (in (14)-(16) 
below) the results for subspecies i are 

Six' = da 

2 EO'Yi x COS 20• 

2Z. Egt, ai•i [(1 + ai)tan -1 •/- •/] 
(8a) 

S•y, = da 

2 

e0 7/3, sin2 a 
2•regoaiVl• i [(1 + ai)tan -1 •/- •/] 

(8b) 

lff,r •0(1 q- ai) -1 Sa, = da [V•/- tan V•/] (8c) 
2'rr e aza i •i 

N,b 

• f•(e•x, + •,) = o 
i-1 

(6a) 

N,b 

• •.•, =0 
i=1 

(6b) 

where the summation is over all constituents in the 

medium, including the background whose fractional 
volume notation lbs ---fb is used here for conve- 
nience. In (6), • values are related to $ values and 
are expressed in the local coordinates as 

E -- Egp 
•.,c'.,c'(z) -- •x'(z) = (7a) 

E 0 q- Six,(e - Egp) 

E -- Egp 
•iy'y'(E) = •iy'(E)= (7b) 

eo + So•,(e - egt,) 

E -- Eg z 
•'z'(•) -- •'(•)= (7c) 

eo + Si•,(e - egz) 

where i is 1, 2, ß ß ß, N for the scatterer subspecies 
or i is r__eplaced by b for the background. Note that 
tensor • at a given location is a defined quantity 
such that its dot product with the external field is 
equivalent to the product of the tensor difference, 
between the permittivity at the same position and 
the auxiliary permittivity •g, and the local electric 
field [Tsang and Kong, 1981a]. In (7), s takes on the 
value of Sis in a scatterer of subspecies i or st, in the 
background medium. 

where the integrations over a are carried out nu- 
merically. The quantities ai, Tix, and y/y are 

ai = ote 'Y? -- 1 a • = eaz/eap (9a) 

Ti -' (1///z')[( cos2 a///2x ') + ( sin20•//'•')] -1/2 (9•) 

'Yix = (1//ix')[( cos2 a///2x ') + ( sin20•//'•')] -1/2 (9c) 

70, = (1///y')[( cøs2 a///2x ') + ( sin2 ø•//'•')] -1/2 (9d) 

With the above results for •i the average dyadic 
coefficient (•) in (1) is determined by 

N,b [Six' 0 0 ] (•)= • • d. ß s•, o .•' 
i=1 0 S/z, 

• fis [Six' i=1 '•- 0 Six, q- Siy, 0 0 0 2S/z, 

= S•, 0 
0 Sz 

(lO) 

for •t, = Y./N__lJ•i/(1 --fb). Then the % and S values 
are solved iteratively from the above equations by 
assuming the background permittivity for % to 
calculate $, or assuming $ to find %, and repeating 
the computation until the results converge. 

To complete the derivation of the effective per- 
mittivity tensor, the effective scatterer tensor needs 
to be obtained. Because of the azimuthal symmetry, 



NGHIEM ET AL.: EFFECTIVE PERMITrlVITIES OF SEA ICE 301 

the effective scatterer tensor }elf takes on the uni- 
axial form 

(a) Real 

[ •eff, 0 0 ] •:effp 0 (11) 0 •:effz 

which is defined by (2) from which the following 
results: 

Imag. 

•eff p -' E dv [•i•x,(Iix, q' Six, ) q' •i•y,(Iiy, q' Siy,)] 
i=1 i 

(12a) 

Principal Rlemann Sheet 

(b) Real 

N 

•:effz=i•l•vdVSi•z'(I•z'+S•z ') "-- i 

02b) 

The variance 8i• in (12) are related to fractional 
volumes and local scatterers by 

8i0" ----fisfb(•ij' -- •bj') (•ij' -- •bj') (13) 

obtained from correlations of scatterer quantities s c 
with low fractional volumes of the inhomogeneities. 

The quantities Iix,, I•,, and Iiz, in (12) are derived 
by substituting elements of the anisotropic dyadic 
Green's function [Nghiem et al., 1990] and the 
Fourier transform (3) of the normalized correlation 
function in (2). The complex variable integrations 
involve only elementary functions. The results that 
follow contain square root and inverse tangent 
functions of complex arguments. For the square 
root (X•w) of a complex number w, there are two 
Riemann sheets, and the value on the principal 
Riemann sheet is chosen with the branch cut on the 

negative real axis of the complex plane such that 
-rr < arg w _< rr for the argument of w. The inverse 
tangent function of a complex number w is deter- 
mined by tan -• w = 1/(2i) In [(1 + iw)/(1 - iw)], 
which has an infinite number of Riemann sheets, 
and the value of the natural logarithm is taken on 
the principal Riemann sheet with the branch cut 
also along the negative real axis such that -rr < arg 
[(1 + iw)/(1 - iw)] _< rr. Figure 3 shows a schematic 
visualization of these Riemann sheets. The sheets 

should collapse onto the complex plane and their 
limits extend to the entire complex plane including 
zero for the square root and excluding zero for the 
logarithm. With these single-value complex func- 
tions the results for I of subspecies i are 

z' element 

Imag. 

Principal Rlemann Sheet "• 

Figure 3. Schematic illustration of Riemann sheets with 
unshaded surfaces representing principal sheets. For the 
cases of (a) square root Vw: the two sheets are connected 
to each other at the branch cut along the negative real 
axis, -z- < arg w _< z-, in the principal sheet, and the solid 
ellipse at the center indicates that zero belongs to both 
sheets; and (b) inverse tangent tan -1 w = 1/(2i) In [(1 + 
iw)/(1 - iw)]: one sheet is connect to the next one at the 
branch cut along the negative real axis, -z- < arg [(1 + 
iw)/(1 - iw)] <_ rr, in the principal sheet, and the open 
ellipse at the center indicates that zero belongs to no sheet. 
The sheets are drawn with some spatial separation to create 
the visual effect. The actual sheets should collapse onto the 
complex plane and their limits extend to infinite values. 

•0 2*r E0 I/z, = - da (-•s + -•d) (14a) 
ß /'Eg z, 

2a/2 LOe + Oe•e --tan ?/'•e / 
(14b) 

'Y211 + ai 2 --•a = 2a/2 Oo 
2 

Oo(ai + 2) - (b + ai•'gz,) 

0o•o 

(14c) 
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2 22 2 2/.• 22 Voz, = k•pliz, k•p = oo oe• • = a• ¾i V•z' 

b = 0o =b- 1 0 e =b + • 
ai 

x' element 

(14d) 

(14e) 

Iix' •••r da 2 2 4 2 2 4 2 = (ko/•r)(l•,,/• sin alo + lix, Yix COS ale) 

(15a) 

(15b) 

+•ee -tan •ee] 
(15d) 

1 

•-2aiOo 1 - •oo - tan- • (15e) 

= _ _ _ tan -1 
• •a?•-o •+•oo 2 (15f) 

•' = •(a, = 1) • = •(a, = 1) •' = •(a, = 1) 

y' element 

(15g) 

•0 2• 2 4 I•v, = da(ko2/•r)(li2x,¾i4 x COS 2 od o + l•,¾•y sin 2 ale) 
(16) 

Substituting ga, (•), and •eff in (1) finally yields 
the uniaxial effective permittivity tensor geff = diag 
(eeffp, eeffp, eeffz), whose lateral and vertical ele- 
ments are 

eeff. = eo. + eos•eff./(1 - (17a) 

eeff• = eo• + eo•eff•/(1- S•eff•) (17b) 

respectively. 
Depending on medium structures and character- 

istics, size and shape distributions can be measured 
with digitized section images [Vallese and Kong, 
1981; Perovich and Gow, 1991]. Local correlation 

lengths corresponding to a scatterer can also be 
estimated by setting the correlation volume to be 
equal to the volume of the scatterer with the same 
axial ratios [Yueh et al., 1990]. For an ellipsoid with 
semiaxes a, b, and c the relations with correlation 
lengths are 

lix'liy'liz' = cba/6 liy,/lix, = b/c liz,/lix, = a/c (18) 

The expressions in (17) indicate that the effective 
permittivity tensor geff is anisotropic with an optic 
axis in the vertical direction due to the preference in 
the orientation distribution. The above derivation 

has been carried out for ellipsoidal scatterers with 
arbitrary axial ratios, which can be reduced to the 
case of spheroidal or spherical scatterers. 

3. Application to Sea Ice 
The results derived in the previous sections are 

now specifically applied to model sea ice including 
thermodynamic phase distribution and structural 
metamorphism. Sea ice is a multiphase mixture, as 
illustrated in Figure 1. The background is ice grown 
in the columnar form, as observed in congelation 
ice. In many cases, crystallographic c axes in sea 
ice are parallel to the horizontal plane. When there 
is no directional stress, such as caused by a sea 
current, exerted during the growth process, the c 
axes are randomly oriented in azimuthal directions. 
Ice platelets in sea ice sandwich saline water from 
the sea in ellipsoidal pockets called brine inclu- 
sions. In addition, there are air bubbles embedded 
in the ice. When the temperature changes, the solid, 
liquid, and gaseous phases redistribute, ice struc- 
ture metamorphoses, and characteristics of constit- 
uents in sea ice, such as permittivity, also vary. 
Further details of sea ice characteristics can be 

found in several references [e.g., Weeks and Ackley, 
1982; Nghiem et al., 1995a]. 

3.1. Size Distribution 

Because of the high permittivity of the saline 
water at microwave frequencies, brine inclusions 
have a strong effect on the electromagnetic proper- 
ties of sea ice. The size distribution of the inclusions 

has been reported to follow the power law [Perov- 
ich and Gow, 1991]. Consider a power law distribu- 
tion for number density n of scatterers with size v 
described by 

n = no v-2p (19) 
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wherep is the power law index and no is the number 
density of brine inclusions of the smallest size. The 
normalized volumetric size has been defined in 

section 2.1 as the ratio of volume V s of an inclusion 
over volume rs0 of the smallest one. By definition, 

v -- (v•/v•o)= (f•/nv•o) (20) 

in which fs (we temporarily drop the subscript i for 
the subspecies) is the fractional volume of inclu- 
sions with volume Vs. From (20) the size distribu- 
tion can also be represented by the fractional vol- 
ume as 

rs(v) = novso vl-2p = fso vl-2p (21) 

for the fractional volumefs0 of inclusions having the 
smallest size. The size distribution is specified when 
fso and p are determined. This can be done if the 
total fractional volume and the minimum, average, 
and maximum sizes of the inclusions are measured. 

First, a solution for power law indexp is consid- 
ered. Average normalized volumetric size va is 
obtained by measuring the size of every inclusion 
and then taking the average. Mathematically, this 
process is described by 

I f•M = - clf•v(f•) 
va fsM fso Jf, o 

= dfs (22) 
f•t - f•o •o 

The integration ranges from the fractional volume 
fso of the smallest inclusions to fsM of the largest. 
Another method of measuring the average normal- 
ized volumetric size is to take the ratio of total 

fractional volume fsr to the total number density n r 
of the inclusions and normalize it to the smallest 

volume Vso; that is, 

V a -' (fsT/tlTVsO) (23a) 

The total number density n T is calculated by an 
integration over the size distribution 

nr = dvn(v) = dvnov (23b) 

in which v M = VsM/7•sO is the normalized volumetric 
size of the largest inclusions. Both (22) and (23) give 
the same result for average volumetric size va 

,2(l-p) 1 1-2p uM -- 
p • « (24) Va =2(1_p) .(1-2p) 1 c• M -- 

This is rearranged to solve iteratively for the power 
law index p from 

1 (v•.-_qv_M I 1 1-2p = • In + = • (25) P 2 In VM \ Ua -- q ] • q 2(1 --p) 
The following conditions are used to check the 
convergence of the solution' 

02(l-p) 1 M -- 

Va -' q .(1-2p) 1 c• M -- 
(26a) 

( Y 2 / 1/(1-2p) v•= •- • 
\Va - qv•t] 

(26b) 

Note that the right-hand side of (24) has to be 
positive since Va is positive. Furthermore, VM > 1 
results in 

O2(1-p) 1 1 - 2p M -- 
>0-• 

o(1-2p) 1 2(1 -p) M -- 
(27) 

which imposes the conditionp E (0.5, 1). Thus the 
power law index p is determined if va and VM are 
known. For given V a and VM, if the solution for p is 
not possible, a different description of the size 
distribution should'be considered. 

Now fractional volume fso of the smallest inclu- 
sions needs to be derived to complete the determi- 
nation of the size distribution. Total fractional vol- 

ume fsr of the inclusions is calculated by integrating 
the fractional volume distribution over the entire 

size range: 

M f•r = clvf•(v) =f•0 
2(l-p)_ 1 M 

2(1 -p) 
p • 1 (28) 

When the total fractional volume is known from 

measured data, fso is solved by using (28) and the 
solution for the power law index p. 

The size distribution changes with temperature. 
When the temperature varies, volumes of individual 
brine inclusions do also. Assume that the volumes 

of the inclusions change at the same rate; that is, for 
two different temperatures To and T, 

[vs(To)/Vso(To)] = [vs(T)/vso(T)] (29) 
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The physical basis for (29) is that the inclusions stay 
isolated at different temperatures, and the isother- 
mal and uniform salinity conditions are applied to 
inclusions of different sizes at a given state of the 
thermal process. Also assume that no new inclusion 
is created nor existing ones removed at different 
temperatures; that is, the density number of the 
inclusions is conserved. This condition requires 

[fs(To)/vs(To)] = [fs(T)/vs(T)] 
(30) 

[fso(To )/Vso(To )] = [fso(T)/vso(T)] 

Let the size distribution at temperature T O conform 
to a power law with index p(To) so that 

fs(To) = fso(To)v 1-2p(Tø) (31) 

Substituting (31) into (30) renders 

[fs(T)/vs(T)] = [fso(To)/vs(To)]v i-2p(rø) (32) 

From (29), (30), and (32) it is shown that 

f• (T) = f•o(T)v •-2p•r0• (33) 

Equation (33) indicates that the power law index 
does not change as the temperature varies when the 
above assumptions are reasonable. Under the 
above conditions, volumetric sizes are also pre- 
served at different temperatures so that va(T ) = 
va(To) and VM(T) = VM(To). If ice structural data 
are not available at all temperatures under consid- 
eration, the index obtained at a temperature may be 
used at a different temperature when there is no 
severe brine loss nor ice deformation. Otherwise, 
thin section images are necessary to determine the 
size distribution. For air bubbles the size distribu- 

tion is obtained in the same manner. 

3.2. Shape Distribution 

Shapes of brine inclusions have been observed as 
substantially ellipsoidal [e.g., Gow et al., 1987]. 
From thin sections of saline ice grown at the U.S. 
Army Cold Regions Research and Engineering Lab- 
oratory [Gow et al., 1987] it is seen that only 
inclusions of small sizes have a more rounded 

spheroidal form. Following these observations, a 
slowly varying logarithmic function is used to de- 
scribe the shape distribution such that 

ea(V) = (eaM -- eam)(ln v/In VM) + earn (34a) 

et,(v) = (elm -- et,m)(ln v/In VM) + et,m (34b) 

where the axial ratios e a = a/c and eo = b/c. 
Subscript M and m are for maximum and minimum 
values, respectively. This shape distribution implies 
that inclusions are substantially ellipsoidal for large 
and medium size and more rounded for small sizes. 

When the temperature increases during a warm- 
ing cycle, the shapes of the inclusions become less 
ellipsoidal or more rounded, as seen in thin sections 
of saline ice prepared by Gow et al. [1987]. This 
thermal effect on the sea ice structure is modeled 

with a reshaping factor operating on axial ratios earn 
and ebM. Suppose that axial ratio ebM(To) at the low 
temperature T O becomes eom(Th) at the highest 
temperature Th of the thermal cycle. The axial ratio 
at temperature T between T O and Th then assumes 
the form 

eoM(T) = [e•M(To) -- ebM(Th)] 
I - exp [P(T- Th)] 

1- exp [P(T0 - Th)] 

+ et,•(Th) (35a) 

where P is the reshaping index and all temperatures 
are in degrees Celsius below the freezing point. 
When the thermal cycle has a large temperature 
range, (35a) can be approximated as 

ebM(T) = [ebM(To) -- e•M(Th )]{1 -- exp [P(T- Th)]} 

+ eom(Th) (35b) 

such that the value of ebro(T) is well preserved near 
temperature To. Similar formulas apply to eaM. This 
thermal process describes a structural metamor- 
phism which makes ellipsoidal shapes of the inclu- 
sions transform into a more rounded form with an 

increasing temperature. For air bubbles, observed 
shapes are rather rounded in the form of spheroids 
or spheres [Perovich and Gow, 1991; Gow et al., 
1987]. Therefore shapes of air bubbles do not 
change as much as those of brine inclusions and are 
assumed to be unaffected by thermal variations. 

3.3. Correlation Lengths 
When scatterer axial lengths are specified, the 

corresponding correlation lengths in the local coor- 
dinates can be calculated from (18). Furthermore, 
correlation lengths also vary as a function of tem- 
perature, since sizes and shapes of the inclusions 
change with temperature. If geometrical measure- 
ments of the scatterers are made at temperature T O , 
correlation lengths at a different temperature T may 
be estimated under the assumptions in section 3.1. 
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From (30) the normalized volumetric size at tem- 
perature T can be written as 

vs(T) = [fs(T)/fs(To)]vs(To) (36) 

The size distributions at different temperatures in 
(31) and (33) and total fractional volumefsT given by 
(28) lead to the relation 

[fs(T)/fs(To)] = [fso(T)/fso(To)] = [fsT(T)/fsT(To)] (37) 

Relation (36) and the ratios in (37) together with the 
definition of normalized volumetric size (20) give 

vs(T) -- [vfso(T)/fso(To)]Vso(To) (38) 

Volume rs(T) and Vso(To) of an ellipsoidal inclusion 
are calculated from the sizes as 

rs(T) = -•- ea(T)el,(T)c3(T) (39a) 
471' 

Vso(To) = • ½am(To)ebm(To)c3m(To) (39b) 
where rn denotes the minimum. Substituting (39) 
into (38) and using (18) render the local correlation 
lengths corresponding to the inclusion 

vfso(T) ea_m(To)el,m(To)] •/3 lx,(T)= 6fso(To) ea(T)eb(T) J cm(To) (40a) 
ly,(T) = eb(T)lx,(T) lz,(T) = ea(T)lx,(T) (40b) 

These equations determine the correlation lengths 
at temperature T from measurements at tempera- 
ture To. In (40a), ratio fs•(T)/fs•(To) can be used 
instead offso(T)/fso(To), according to (37). Correla- 
tion lengths for air bubbles can be obtained in the 
same manner. 

3.4. Constituent Characteristics 

The ordinary ice polymorph Ia with a hexagonal 
symmetry (as distinguished from I c with a cubic 
symmetry) is predominant in natural geophysical 
conditions [Hobbs, 1974; Glen, 1974; Weeks and 
Ackley, 1982; Petrenko, 1993]. The principal hexag- 
onal axis is the crystallographic c axis. Each poly- 
crystal in congelation columnar sea ice consists of 
ice platelets perpendicular to the c axes. During the 
growth process, ice traps sea water in ellipsoidal 
pockets, referred to as brine inclusions, between 
the ice platelets. In columnar ice, c axes become 
parallel to within a few degrees of the horizontal 

plane [Weeks and Ackley, 1982], and brine inclu- 
sions are therefore oriented preferentially in the 
vertical direction. 

Sea ice is naturally a multiphase mixture consist- 
ing of solid ice, liquid brine, and gaseous inclusions. 
While the real part of ice permittivity is not very 
sensitive to temperature, the imaginary part is dis- 
persive and varies significantly with temperature. 
Empirical formulas to calculate ice permittivity as a 
function of temperature at microwave frequencies 
are available [Vant et al., 1978; Tiuri et al., 1984; 
Miitzler and Wegmiiller, 1987]. The magnitudes of 
complex permittivity of brine in sea ice are large 
compared to those of ice, and both real and imagi- 
nary parts decrease several times as frequency 
increases. Empirical formulas to compute complex 
dielectric constants of brine were reported by 
Stogryn and Desargant [1985] in terms of tempera- 
ture and microwave frequency. 

Constituent phases in sea ice are interrelated 
thermodynamically. When the temperature of sea 
ice varies, the fractional volume of brine inclusions 
and air bubbles changes accordingly. On the basis 
of phase equilibrium, Cox and Weeks [1983] pro- 
vided equations for determining fractional volumes 
of brine inclusions and air bubbles in sea ice in the 

temperature range of -2 ø to -30øC. The required 
input parameters are bulk ice density, salinity, and 
temperature. While the volume of solid salt is 
usually minute and has a negligible direct contribu- 
tion to effective permittivities, the process of salt 
expulsion is important because of the consequential 
redistribution of the phases of brine and air inclu- 
sions. The salt Na2SO 4 ß 10H20 crystallizes at 
-8.2øC; however, the phase change is much 
sharper at -21.1øC. This is the eutectic temperature 
of NaC1- 2H20 corresponding to the precipitation 
of the salt (sodium chloride dihydride). In sea water 
brine an initial formation of the salt appears at 
-22.9øC [Weeks and Ackley, 1982]. This phase 
transition causes a kink in the phase curves and 
impacts the effective permittivities of sea ice as a 
function of temperature. 

4. Data Comparison and Discussion 
In this section, results calculated from the model 

are compared with experimental data. Complex 
permittivities of sea ice grown from saline water at 
the U.S. Army Cold Regions and Research Engi- 
neering Laboratory in Hanover, New Hampshire, 
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were determined [Arcone et al., 1986]. The ice slab 
was composed of columnar ice crystals exhibiting 
the ice plate-brine layer substructure that charac- 
terizes congelation sea ice in the Arctic [Arcone et 
al., 1986]. The permittivities were obtained from 
transmission measurements for waves normally in- 
cident on the ice slab; therefore only data for 13effp 
corresponding to an ordinary wave were reported. 
The extraordinary component was not available for 
the study in this section. Uncertainties due to data 
variations and theoretical assumptions are also as- 
sessed with sensitivity analyses. 

4.1. Ice Characterization 

The sea ice slab was taken from a saline ice sheet 

(sheet 85-3 [Arcone et al., 1986]) to a laboratory 
environment where the temperature was controlla- 
ble. Measurements were made at temperature inter- 
vals during progressive warming of the ice slab from 
-32 ø to -2øC at a C band frequency of 4.8 GHz. 
The salinity was 5.4%0 before testing and reduced to 
4.2%0 after testing as a result of brine loss during the 
warming process. Only the final bulk ice density of 
0.866 Mg/m 3 was reported. For a given set of 
temperature, salinity, ice density, and wave fre- 
quency, fractional volumes and permittivities of the 
constituents in sea ice are calculated from the 

empirical formulas, as discussed in section 3.4. 
Typically in these cases, total fractional volumes of 
brine inclusions and air bubbles are of the order of 

10%. Real parts of the relative permittivities of the 
ice background are about 3.15 and imaginary parts 
are on the order of 0.001. Both the real and imagi- 
nary parts of brine permittivities are about 1 order 
of magnitude higher than the real parts of the ice 
background relative permittivities. 

For ice structure, dendritic planes normal to c 
axes show a marginal tilt of only 2o-4 ø and can be 
modeled approximately as vertical. Photographs of 
horizontal thin sections taken from the ice slab 

before and after the thermal modification were 

presented by Gow et al. [1987]. It is observed from 
the photographs that c axes are randomly oriented 
in azimuthal directions. Initially at -30øC, mini- 
mum, average, and maximum linear sizes are esti- 
mated as 0.05 mm, 0.10 mm, and 0.30 mm, respec- 
tively. To calculate the power law index for brine 
inclusions, normalized volumetric sizes corre- 
sponding to cubics of the ratios of the above linear 
sizes are used; this gives the index of 0.8945 for the 
size distribution. The initial axial ratio ebro for brine 

inclusions of smallest size is 1, representing the 
spheroidal shape. The maximum axial ratio ebM is 
roughly estimated to be 8 to describe the substan- 
tially ellipsoidal shape of large inclusions. Vertical 
section images were also available but not large 
enough to see substructures of the inhomogeneities; 
therefore vertical axial sizes of these scatterers 

have to be chosen and sensitivity analyses will be 
done to study related uncertainties. The choice for 
initial minimum and maximum major axial ratios is 
earn -- 2 and eaM -- 10 to cover the range of variations 
in brine inclusion sizes. After the warming process, 
axial ratios for brine inclusions are taken to be 

ebM -- 1.5 and eaM -- 3 to account for the change 
from substantially ellipsoidal shapes into rounded 
forms. The reshaping index can be estimated from 
(35) when thin section images are available for some 
intermediate stages in the thermal modification pro- 
cess. Here a reshaping index of 0.3 is assumed for 
the validity condition of (35b). 

For air bubbles the effect on effective permittiv- 
ities is not as strong as that due to brine inclusions. 
Air bubbles are much more rounded than brine 

inclusions. The shape change in air bubbles is 
therefore not large, and the bubbles are considered 
as spheroids having circular cross sections as ob- 
served in the horizontal thin sections. Uniform axial 

ratios of air bubbles are assumed to be e/, = ! and 
e a = 2, taken after the values observed by Perovich 
and Gow [1991]. Initial linear sizes of air bubbles 
are taken to be the same as those of brine inclu- 

sions, and thus the power law index is also 0.8945. 
While the bubble shape is considered unchanged 
thermally, bubble size variations as a function of 
temperature are taken into account. 

4.2. Data Comparisons 

In this section, the experimental observations are 
explained with the theoretical model. The model is 
first simplified. Then, the complexity is added to 
arrive at the better description of the medium with 
the full model. This step-by-step method is used to 
identify physical mechanisms responsible for the 
behavior of effective permittivity under changing 
thermal conditions. 

First, brine loss during the warming process is 
ignored, and the shape of brine inclusions is con- 
sidered as uniform with average axial ratios e/, = 3 
and e a = 5. These ratios are kept constant with 
respect to temperature. However, size distributions 
for both brine inclusions and air bubbles are in- 
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cluded. Results from the calculation for the imagi- 
nary part of relative effective permittivity eel f p/e 0 • O. 15 
(e0 = 8.8542 x 10 -•2 Fm -• is the permittivity of • 
free space) are plotted with the dashed curve in • 
Figure 4 together with measured data obtained from • 0.1 
the experiment. In general, the theoretical curve • 
shows an increasing trend as temperature increases. • 

r• 0.05 
This is caused by the increase of brine fractional • 
volume at higher temperatures. The kink observed • 
at -23øC (calculations are made at intervals of IøC • 0 
starting from -30øC) corresponds to the phase 
change associated with the formation of sodium 
chloride dihydride and the solidification of brine at 
colder temperatures. The steep slope of the theo- 
retical curve in the higher-temperature range is a 
result of the fast increase in the brine fractional • 
volume. Compared with experimental data, the •- 
theoretical values are too low at low temperatures • • 
and too high at high temperatures. • 

The shape distribution of brine inclusions and its • 
variations with temperature are now considered. • 2 
Brine inclusions are grouped into 20 subspecies, • 
which are sufficient for a good convergence in the 0 

results as compared to test calculations with 100 
subspecies. The calculated results are shown with 
the dash-dotted curve in Figure 4. Compared with 
the old theoretical results, the new curve is higher 
at low temperatures and lower at high tempera- 
tures. In the low temperature range, higher values 
are caused by the existence of more substantially 
ellipsoidal brine inclusions, which have stronger 
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.... Distributed 

i i i i I i i • , I , , i , I 
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Figure 4. Imaginary part of relative effective permittiv- 
ity. Solid circles are for experimental data, the dashed 
curve is for calculated results based on orientation and 

size distribution and uniform scatterer shape, and the 
dash-dotted curve is for calculated results with shape 
distribution also included. 
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Relative effective permittivity in warming 
cycle: (a) imaginary part and (b) real part. Solid circles 
are for experimental data and the curve is for calculated 
results obtained from the complete model. 

depolarization effects and larger cross sections. At 
higher temperatures the effect of inclusion rounding 
are more prominent in the competition with the 
increasing effect of higher fractional volumes to 
render the results to lower values. Regarding the 
experimental data, the comparison is much better 
except at temperatures higher than -8øC, where the 
calculated results are still larger than the measured 
values. If the brine loss represented by the decrease 
in salinity from 5.4 to 4.2%0 is incorporated in the 
model by a linear decrease in salinity from -8 ø to 
-4øC, the theoretical curve shown in Figure 5a 
explains all the trends observed in the experimental 
data for the imaginary part of the relative effective 
permittivity. The real part is presented in Figure 5b, 
which indicates that the calculated values are within 

10% lower than the measured data. 

For the cooling cycle, theoretical results and 
experimental data are compared in Figure 6a for the 
imaginary part of the relative effective permittivity. 
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Relative effective pcrmittivity in cooling 
cycle: (a) imaginary part and (b) real part. Solid circles 
are for experimental data and open circles for calculated 
results. For the real part the curve is for calculated 
results. 

In this case, scatterer shapes and their variations 
are not specified by documented experimental data. 
To account for this situation, theoretical results are 
obtained with the upper bound for a completely 
reversible process of the shape variations and the 
lower bound for an irreversible process where the 
shapes retain their form once they become more 
rounded after the warming cycle. Calculated aver- 
age values are shown with open circles and mea- 
sured data with solid circles in Figure 6a. The 
comparison indicates that theoretical and experi- 
mental results are well overlapped within their 
range of variations. The real part of the relative 
effective permittivity during the cooling cycle is 
shown in Figure 6b, where solid circles are experi- 
mental data. Effects of shape variations are small 
for the real part and the curve is the average results, 
which compare very well with the measurements. 

The analysis in this section is based as much as 

possible on available ice characterization data. The 
lack of characterization information has necessi- 

tated some assumptions. The uncertainties associ- 
ated with the assumptions can be estimated with 
sensitivity analyses in the next section. 

4.3. Sensitivity Analyses 
As seen from the model, shape effects on imagi- 

nary parts of effective permittivities are important. 
In Figure 7a, dash-dotted curves are computed with 
axial ratios varied by _+20% from those used in the 
last section for data comparisons. The solid curve 
and the data are the same as in Figure 5a, plotted 
here for reference. The results show that the effect 

of ellipsoidal shapes is most important in the middle 
range of temperatures. The insensitivity of shapes 
at -2øC is due to the rounded form of the inclusions 

and at low temperatures is due to low fractional 
volume of brine. The corresponding variations in 
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Effects of shape variations on the (a) imagi- 
nary part and (b) real part of relative effective permittiv- 
ity. Solid circles are for experimental data, the solid curve 
is for calculated results, and the dash-dotted curves are 
for upper and lower bounds obtained by varying the axial 
ratios by _+20%. 
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the real part of the relative effective permittivity are 
presented in Figure 7b. The results show the insen- •o 0. is 
sitivity of the real part to the changes in axial ratios. • 
In general, deviations caused by the above uncer- • 
tainty in scatterer shapes are within the spread of • 0.• 
measured data. • 

Another assumption is that the bulk ice density of • • 0.05 
0.866 Mg/m 3 has been used in all of the previous • 
theoretical calculations. This value should not be '• 

constant as the salinity changes because of the brine • 0 
loss. The inaccuracy in density may lead to an 
uncertainty in the phase distribution of the constit- 
uents in sea ice. The sensitivity analysis is carried 
out by varying the density by +_5%. This is to keep 

the variations within the density value of gas-free • 
sea ice. The results in Figure 8a indicate that the •o 
imaginary part is more sensitive to the density at • 
higher temperatures. In this temperature range a • 4 
small change in temperature results in a large vari- • 
ation in the fractional volume of brine inclusions • 
[Cox and Weeks, 1983]. The resulting variations • 2 
are however, within the measurement fluctuations. • 
With the results in Figure 8b a comparison to those 0 
in Figure 7b suggests that the volumetric composi- 0 
tion in sea ice has a stronger effect on the real part. 

For the size distribution the sensitivity is studied, 
for example, by varying the maximum normalized 
volumetric size by _ 10%. The variations affect the 
power law index and thus size distributions of brine 
inclusions and air bubbles. Calculated results indi- 

cate a weak sensitivity in this case. This provides 
some justification for the use of the result in section 
3.1 to approximate the power law index when the 
ice slab has some brine loss. The sensitivity analy- 
ses in this subsection indicate that the assumptions 
are rather reasonable or, at least, do not lead to too 
large deviations. 

5. Summary 
This paper presents an electrothermodynamic 

model of a multiphase anisotropic medium with 
multiple species and subspecies characterized by 
changing phase, orientation, size, and shape distri- 
butions under thermal effects. Effective permittivi- 
ties of the medium are derived with the strong 
permittivity fluctuation approach. The heteroge- 
neous medium is effectively anisotropic because of 
a preferential alignment in the orientation distribu- 
tion of ellipsoidal scatterers. The size distribution of 
scatterers in a species is described in terms of the 
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Figure 8. Effects of density variations on the (a) imag- 
inary part and (b) real part of relative effective permittiv- 
ity. Solid circles are for experimental data, the solid curve 
is for calculated results, and the dash-dotted curves are 
for upper and lower bounds obtained by varying the bulk 
ice density by _+5%. 

number density or the fractional volume as a func- 
tion of normalized volumetric sizes. The shape 
distribution is considered by grouping scatterers in 
a species into many subspecies on the basis of 
similarity in scatterer shapes. 

The formulation is applied to model congelation 
sea ice consisting of solid ice, liquid brine, and 
gaseous inclusions. The model accounts for the 
thermodynamic redistribution of the constituent 
phases and the metamorphism of the heterogeneous 
ice structure. Theoretical and experimental results 
of effective permittivities compare well for saline 
ice at 4.8 GHz undergoing warming and cooling 
cycles. Observed trends in the measured data are 
explained with the physical model. Sensitivities of 
sea ice characterization parameters are analyzed to 
estimate uncertainties due to inaccuracies in char- 

acterization data and model assumptions. The anal- 
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yses show that shapes are important to the imagi- 
nary parts of effective permittivities and that 
density variations also affect the real parts. 

The model in this paper accounts for complex 
thermodynamic processes, including interrelated 
physical and structural changes in sea ice subject to 
thermal effects. Results presented at C band fre- 
quency are of particular interest in view of applica- 
tions to present and future spaceborne radars such 
as the Spaceborne Imaging Radar, the European 
Remote Sensing Satellites (ERS-1 and ERS-2), and 
the Canadian RADARSAT, all operating at C band. 
For the anisotropy the model estimates that the real 
parts of the ordinary and extraordinary elements of 
the permittivity tensor are within a few percents of 
each other, while the imaginary part of the extraor- 
dinary permittivity can be double or several times 
larger than the ordinary one, depending on the sea 
ice structure. More accurate permittivity data are 
necessary to compare with model results over a 
wide range of frequencies with corresponding sea 
ice physical, structural, and statistical characteriza- 
tion measurements as functions of temperatures. 
Moreover, the model needs to be further developed 
to account for a more general case where scatterer 
orientations have preferential alignments in both 
vertical and horizontal directions. In this case the 

heterogeneous medium becomes effectively biaxial, 
such as columnar sea ice with c axes directed along 
a persistent underlying sea current. 
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